
Topic 3 
Theoretical basis of Chemical Kinetics 



Klippenstein:  From theoretical reaction dynamics to 
chemical modeling of combustion 

Proc Comb Inst 2017, 36, 77 
  

 
• “The accurate prediction of the temperature and pressure 

dependence of gas phase reactions requires state-of-the- art 
implementations of a variety of theoretical methods: ab initio 
electronic structure theory, transition state theory, classical 
trajectory simulations, and the master equation.”  

• “Future progress in the fidelity of the chemical modeling of 
combustion will benefit from more widespread applications of 
theoretical chemical kinetics and from increasingly intimate 
couplings of theory, experiment, and modeling.” 



Numbers of species and reactions in mechanisms for combustion of 
hydrocarbon fuels (Lu and Law, Prog En Comb Sci, 2009, 35, 192, updated Yuan 

et al, Science China (Chemistry), 2017, 60, 1391) 

• Larger mechanisms require thousands of rate constants. 

• Can’t measure them all – calculation essential 



Synopsis 

• Look at potential energy surfaces (PES) for stable 
molecules and for reactions 

• Theoretical methods for PES determination 

• Examine the basis of transition state theory (TST) 

• Treatment of reactions with no (or small) energy 
barrier – variational transition state theory (VTST) 

• Reactions with two transition states 

• Pressure dependent reactions  and reactions involving 
multiple wells – master equation (ME) methods) 

 



Statistical mechanics – a reminder 



Transition  State Theory 

•   a is a correction factor; its most common source is from the  
      incorporation of tunnelling through the barrier in H atom  
      transfer reactions. 



Thermodynamic formulation of TST 

 where K is the equilibrium constant and De0 is the difference in 
zero point energies of the reactants and products. DG is the 
(molar) Gibbs energy change for the reaction. Note the change 
from molecular to molar units and that R = kNA, whereNA is the 
Avogadro number. Applying this equation to TST: 

 

 

 

 

             is the Gibbs energy of activation. We will discuss later 
when we talk about variational transition state theory 

   



Born-Oppenheimer Approximation 

• Electrons are light and have high kinetic energies, so 
they move very fast compared to the nuclei. So 
expect nuclei to feel time-averaged force exerted by 
swarm of electrons. 

• Electrons are very quantum mechanical (wave-like), 
described by the Schroedinger Wave Equation. 

• Atoms/Nuclei are much heavier, move more slowly. 
• So solve the electron-motion problem first, assuming 

the nuclei are stationary at different geometries R, 
yielding a potential field V(R) that the nuclei are 
moving in. 

• Having determined V(R), we need to understand and 
quantify the motion of the nuclei 



Molecular degrees of freedom 
• A molecule composed of N atoms has 3N nuclear 

degrees of freedom: 
– 3 translation 
– 2 rotation (linear molecule), 3 rotation (non-linear) 
– 3N-5 vibration (linear), 3N-6 vibration (non-linear) 

• The interaction between the electrons and the nuclei 
provides a potential energy surface that defines the 
equilibrium geometry of the molecule and the 
response to the relative motion of the atoms – the 
vibrations and internal rotations 

• The molecule is described by an overall wavefunction, 
; the Born-Oppenheimer principle states that this 
can be separated into nuclear and electronic 
components, because of the difference in masses 
(last slide) 

= electronic nuclear 

 

 



Potential energy surfaces. 1. diatomic molecule 

• The potential energy surface 
in a diatomic depends on one 
variable – the internuclear 
distance: V(R). 

• The vibration is anharmonic 
because the molecule 
dissociates if sufficient 
energy is incorporated. As a 
result, the energy levels are 
not evenly spaced, but 
converge.  

 

Continuum of states 

Equilibrium 

Bond distance 

• Note the zero point energy (zpe) = h/2. The dissociation energy from  
    this state is D0. Electronic structure calculations of the potential 
    energy return an energy without zpe, which must be added once the 
    frequencies have been determined. The dissociation energy from the 
     minimum in V(R) is De. Note that many calculations use a rigid rotor 
    harmonic oscillator model for the rotations and vibrations. 



Vibrational energy 
levels and 

wavefunctions 

• Model for vibrational motion in 
a molecule – harmonic oscillator 

 
 

• Wavefunctions are Gaussian 
functions – they are not simple 
sine functions because (E-V) 
depends on r. 

• Note the penetration of the 
wavefunction into the non-
classical region where V > E : 
the kinetic energy is negative – 
quantum mechanical tunnelling 

• In this region, the wavefunction 
is no longer oscillatory but 
decreases to zero at  

 (r – r0) = ∞ 

Rotation - rotational motion is slower than vibrational. The energy levels depend 
 on the moment of inertia and hence on the  average  bond distance.  
Translation - just depends on the mass. Treat classically. 



Normal modes of 
vibration – triatomic 

molecule • Carbon dioxide (4 
vibrations) 

• Symmetric stretch 

 

• Asymmetric stretch 

 

• Bend (doubly degenerate) 

 

• Water (3 vibrations) 

• Symmetric stretch 

• Bend (non- degenerate) 

• Asymmetric stretch 

 

3N-6 vibrations (non-linear) 
3N-5 vibrations (linear) 



Potential energy surface. 2. triatomic molecule 

• There are 3 internal 
coordinates for a triatomic 
– the bond distances, R1 
and R2 and the bond angle 
. This 2D figure is for 
constant .  

• Two normal modes of 
vibration are shown – the 
symmetric stretch – both 
R1 and R2 increase (and 
decrease) together and 
the asymmetric stretch 
where R1 decreases as R2 
increases 

• The other vibration(s) – 
bending – involve changes 
in . 

R1 

R2 



Potential energy surface 3. reaction: A + BC 

products 

reactants 

transition state 

RAB 

RBC 
 



Electronic structure calculations 

• We need to calculate the potential energy surface for the 
reaction system, in order to determine the energy of the 
transition state, its geometry (to determine the moments of 
inertia) and its vibrational frequencies. We also need these 
quantities for the reactants. 

• For many kinetic problems, this reduces to determining these 
properties at the maximum (TS) and minimum (reactants) of the 
surface – the whole surface itself is not needed. More 
information is needed for variational transition state theory. 

• This requires us to solve the Schroedinger equation – a difficult 
task. We have to make approximations about the nature of the 
wavefunctions of the electrons and of their interactions. 



Approaches to accurate electronic structure calculations 1. 

 
• A basis set is composed of atomic 

orbitals , yielding linear combination 
of atomic orbitals approach (LCAO). 
The CBS limit is an extrapolated 
estimate of a result obtained using 
an infinitely large (complete) basis 
set 

• Electron correlation is the 
interaction between electrons. The 
correlation energy is a measure of 
how much the movement of one 
electron is influenced by the 
presence of all other electrons. 

• The Hartree Fock method has 
minimal electron correlation. Full 
configuration interaction (or full CI) 
is a linear variational approach which 
provides numerically exact solutions 
(within the infinitely flexible 
complete basis set) to the electronic 
Schroedinger equation. 

Zador et al Prog Energy Comb Sci 2011, 37, 371  



Approaches to accurate electronic structure calculations 2. 

• The methods discussed in the last slide used single reference ab 
initio calculations. For some reactions, multireference 
techniques are needed. In combustion applications, these are 
needed for radical + radical reactions, such as CH3 + CH3 and for 
R + O2 reactions, e.g. C2H5 + O2. In such cases multiple 
wavefunction  descriptions are needed to describe a single 
transition state.  

• Examples include CASSCF and CASPT2. The treatment of 
electron correlation is greater in the latter. 

• Density functional theory (DFT) is widely used in combustion 
applications. DFT uses functionals operating on electron density 
to generate molecular energies. The B3LYP functional, which has 
been tuned to experimental reaction energies and molecular 
enthalpies of formation, is widely used. More recent functionals 
include M06-2X and M08. 

• DFT is widely used to explore the PES and determine the energy 
maxima and minima and associated geometries and frequencies. 
Higher level ab intio methods are then used to refine the 
energies of these turning points on the surface. 
 
 



Approach to calculating rate 
coefficients using TST 

• The approach is most simple for a constrained transition state – 
one where there is a significant maximum on the reaction 
coordinate.  

• The potential energy surface (PES) is calculated using electronic 
structure methods and the TS located. 

• The energy of the TS relative to the reactants is determined 
along with the structure of the TS (which allows the moments of 
inertia to be calculated) and the vibrational frequencies. k (T) 
can then be calculated using Transition State Theory, and 
assuming rigid rotor – harmonic oscillator (RRHO) behaviour 

• Problems arise with hindered internal rotors and more complex 
calculations are needed. 

• Quantum mechanical tunnelling through the energy barrier can 
be important for H transfer reactions.  

 



Remember – this diagram is for A +BC. 

Most reactions are much more complex with 

multiple dimensions 



Molecular partition functions: rigid rotor harmonic 
oscillator (RRHO)  – a reminder 

m is the molecular mass 
A,B,C are the rotational constants (units cm-1) 
 is /c where  is the vibrational frequency 
 has units cm-1 

s is the symmetry number, g is degeneracy 



  Transition state theory applied to 
 OH + RH        HOHR           H2O + R 
     

 Write TS (HOHR) as X  
 
 
 
 
 
Translational 
Partition function 
 
 
  
 
 
 This is the translation contribution to the partition function 

quotient in the TS expression for the rate constants – depends on 
the molecular masses 



2. Rotational contribution 



Vibrational and electronic contributions 



Temperature and  

dependence of a 
vibrational partition 

function 

T/K 

200 3.31 1.95 1.13 1.00 1.00 

300 4.69 2.62 1.31 1.01 1.00 

500 7.46 4.00 1.73 1.06 1.00 

1000 14.41 7.46 2.85 1.31 1.01 

1500 21.35 10.93 4.00 1.62 1.06 

2000 28.30 14.41 5.15 1.95 1.13 

3000 42.20 21.35 7.46 2.62 1.31 
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T/K 

50 cm-1 

100 cm-1 

300 cm-1 
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3000 cm-1 

The table shows partition 
 functions at different T  
for   values of 50, 100,  
300, 1000 and 3000 cm-1 

Note: k/hc = 0.695 cm-1K-1 



Internal rotation; hindered 
internal rotation and torsional 

vibrations; e.g. ethane 

• Energy levels in 
torsional wells and 
effect of temperature 
on freedom of motion 



Example: OH + CH3OCH3 (DME)  CH2OCH3 + H2O 
(also see later discussion today and in peroxy radical section) 

Calculated data for reactants and TS Units cm-1: 

OH: Rotational constant, B : 18.59; : 3714.3  

DME: A,B,C: 1.519, 0.355, 0.307 ; 

  : 188.7, 254.22, 419.92, 950.09, 1115.82, 1157.57, 1190.39, 1202.53, 
1270.4, 1446.82, 1473.81, 1480.5 ,1487.46, 1489.39, 1505.08, 2991.17, 
3000.31, 3050.2, 3054.06, 3142.46, 3144.65  

TS: A,B,C: 0.368, 0.124, 0.103 

 : 82.81, 150.13, 101.54, 213.93, 351.35, 432.86, 787.08, 956.83, 
963.19, 1133.62, 1154.07, 1185.78, 1248.93 ,1277.17, 1360.98, 1441.63 
1464.19, 1481.61, 1492.51, 1499.16, 3017.63, 3029.74, 3089.69, 3157.99 
3160.68, 3735.5 

 Imaginary frequency: 894.66 

 

Zero point energy of TS , relative to reactants: -0.6 kJ mol-1 

 

 
J. Phys. Chem. A 2013, 117, 11142−11154 

Remember: A = h/(8p2IAc) 



OH + DME 

1E-12

1E-11

 

 

 This work OH + DME

 This work OH + d-DME

 This work OD + d-DME

 Fit to OH + DME this work

 Arif et al. 1997 ref 14

 Bonard et al. 2002

 Mellouki et al. 1995 ref 16

 Nelson et al. 1990 ref 17

 Nelson et al. 1990 (Rel Rate) ref 17

 Perry et al. 1977 ref 18

 Tully et al. 1987 ref 19

 Wallington et al. 1988 ref 20

 Cook et al. 2009 ref 30

 Wallington et al. 1989 ref 62

 De More and Bayes 1999 ref 63
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Importance of tunnelling; asymmetric Eckart barrier 

(See Miller, J Am Chem Soc, 1979, 101,6810 

NB: 

• presence of van der Waals well 

before TS – see later discussion of 

Inner and outer TSs. Important in 

 reactions of OH with oxygenates. 

• several TSs - ??? effects 



Tunnelling in chemical reactions 
• Reminder: square barrier 

 

 

 

• Note the dependence on mass. 
For our purposes, tunnelling 
only really significant in H 
transfer. 

• Simplest calculations use a 
barrier shape based on the 
imaginary frequency  

• Eckart model (last slide) is 
widely used. 

• Leads to curvature in Arrhenius 
plot. 

RAB 

RBC 



Microcanonical rate theory 

 Microcanonical rate theory examines the rate at a specific 
energy; it gives: 
 
 
 

  
 
 where   W‡(E )  is the sum of states at the transition 

state, from energy zero at the TS to E and N(E) is the 
density of states at energy E for the reactant(s). We will 
use this approach when dealing with master equation 
calculations. 

 Integrating this expression over a Boltzmann distribution 
of reactants gives the TST result for k(T).   



Sums and densities of states for CH4 at low energies 

n1 n2 n3 n4 E/cm-1 degene

racy 

W(E) N(E)/cm 

0 0 0 0 0 1 1   

1 0 0 0 1306 3 4 0.00230 

0 1 0 0 1534 2 6 0.00877 

2 0 0 0 2612 6 12 0.00557 

1 1 0 0 2840 6 18 0.0263 

0 0 1 0 2917 1 19 0.01299 

0 0 0 1 3020 3 22 0.02913 

0 2 0 0 3068 3 25 0.0625 

3 0 0 0 3918 10 35 0.01177 

Methane is treated as a harmonic oscillator. The wavenumbers of the four  
vibrational modes in cm-1 are: 
1306(3), 1534(2), 2917(1) and 3020(3) 
Where the numbers in parentheses are the degeneracies of the vibrations 



Accuracy of TST calculations 

• Kinetic accuracy 
– Uncertainty of barrier height is  
 typically ~ 4 kJ mol-1 ( 1 kcal mol-1).  
 Graph shows a plot of exp(E/RT) vs T 
 with E  = 4 kJ mol-1, which represents 
 the uncertainty factor in k  deriving  
 from the uncertainty in the activation energy. 
– Deficiencies in the TS model 
– Rigid rotor harmonic oscillator model 
– Tunnelling model – generally use Eckart. 

• Improvements – higher level ab initio calculations, variational 
effects, anharmonicities, multidimensional tunnelling … 

• Often tune the barrier height obtained from lower level 
calculations to experimental data, allowing improved 
extrapolation of the latter. But see Klippenstein’s discussion of 
purely ab initio calculations (PCI 2017, 36, 77) 
 

 
 



Effects of incorporating higher level methods into TST 

• Barker et al.: Chem Phys Letters, 2010, 
499, 9-15. OH + H2. High level ab intio 
calculation (CFOUR) + anharmonicity 
and coupling between different modes 
+ multidimensional tunnelling. 
 
 

 
• Klippenstein: OH + OH  O + H2O 

– Green: calculation from moderate level 
ab initio. (Barrier = 2.8 kcal mol-1) 

– Barrier constrained to experimental 
data (1.2 kcal mol-1) 

– Black: High level ab initio (0.7 kcal mol-
1) 

– Red: High level constrained to 
experimental data (1.0 kcal mol-1) 
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Bedjanian et al. (1999)

Bahng & Macdonald (2007)

Woolridge et al. (1994)

Hong et al. (2010)

Sutherland et al. (1991)

Lifshitz and Michael (1991)

Moderate-level ab initio

Data-constrained model

High-level ab initio

High-level ab initio +0.3 kcal



OH + NH3 → H2O + NH2 
Nguyen and Stanton, J Chem Phys,  2017, 147, 152704 

• Uses the HEAT (High-accuracy 
Extrapolated Thermochemistry) ab 
intio Protocol – accurate to ± 1 kJ 
mol-1. 

• Includes new treatment of 
tunnelling. 

• See paper for a clear discussion of 
the methods involved 



Radical + radical reactions 
e.g. CH3 + H, CH3 + CH3 

No barrier on surface. Transition states 
determined variationally 

 



Variational TST (VTST) 

• Some reactions have only a small or no energy barrier. 
In these circumstances, the exact location of the TS 
is problematic. 

• In canonical variational TST (CVTST), the Gibbs 
energy of the system is determined along the 
reaction coordinate and the transition state is given 
by the maximum in the Gibbs energy. Recall that         
G = H - TS  so that maximising G involves a 
combination of  maximising energy and minimising 
entropy.  

• The next slides examine microcanonical TST (mTST) 
and its variational form (mVTST), which focuses on a 
specific energy rather than temperature as in 
canonical approaches. 



 W(E,R) as a function of R  

W 



Correlation of reactant and product modes for CH3+H 

       Vibrational frequencies / cm-1 

CH3                                      CH4 

 

 



Correlation of reactant and transition state 
modes of motion 

• A molecule has 3N degrees of freedom where N is the number of 
atoms. 

• An atom has 3 degrees of translational freedom 
• A linear molecule has 3 translational, 2 rotational and 3N-5 

vibrational degrees of freedom 
• A non-linear molecule has 3 translational, 3 rotational and 3N-6 

vibrational degrees of freedom. 
           CH3      +     H                                     CH4

‡ 

T             3               3                        3 
R             3               0     3 
V    6               0     8(+reaction coord) 
                     3T     3T 
   1R     1R 

   2T     2R      *** 
   1T     Reaction coordinate 

   2R     2V(deformation) *** 
1V(umbrella) + 2V(deformation)   3V(deformation)  *** 
   3V(C-H stretch)  3V(C-H stretch) 
 



Methyl and Ethane frequencies 

CH3                                   C2H6 



Calculations, based on ab intio surfaces CH3 +CH3 
Harding et al Phys. Chem. Chem. Phys., 2007, 9,4055  

 
• k depends sensitively on 

potential energy, V, as 
radicals approach.  

• Vcalc depends on the level of 
theory used. 

• The color key is as follows: 
gray, CASPT2; green, 
CASSCF; purple, 

 B3LYP; blue, MPW1K; orange, 
MP2.  

• k(T)calc  may be more 
accurate than k(T)expt, 
because the latter depends on 
extrapolation (but see 
discussion in the section on 
the master equation) 

 

 



• High pressure limit rate 
coefficients for CH3+CH3  
C2H6. 

• Calculated values: the color 
key is as follows: gray, 
CASPT2; green, CASSCF; 
purple, B3LYP; blue, MPW1K; 
orange, MP2.  

• The black symbols represent 
experimental results – see 
the refinement of these 
values in the section on the 
master equation 



Klippenstein p99 

Recall experimental measurements from Topic 2 

Positive T dependence for k, : contrast –ve dependence for CH3+CH3.  



 

Gorin model (D M Golden) 

Excluded angles of approach 



• The  The overall time for reaction, t, is the reciprocal of  k 

The smaller of the sums of states at energy E  

dominates the rate constant. This transition state  

acts as the reaction bottleneck 



OH + C2H4 



E. E. Greenwald, S. W. North, Y. Georgievskii and S. J. Klippenstein, 

J. Phys. Chem. A, 2005, 109, 6031–6044. 



Fits to available data 
slight adjustment of inner TS energy 



OH + CH3OCH3 

• Recall the earlier discussion. PES 
shown on right – deep van der 
Waals well and two transition 
states. 

• Lower Fig shows experimental 
data and detailed TST 
calculations (see Klippenstein, Proc 

Comb Inst 2017, 36, 77) 
• Excellent agreement – no tuning 

demonstrating predictive power 
of theory. 

• Note lower T behaviour where the 
outer transition state becomes 
important – the reaction behaves 
like  an association to form the 
outer complex, with tunnelling 
through the barrier to form the 
products. 
 



Reminder from Topic 2 
HO2 + HO2   H2O2 + O2 

• < 800 K. Flash photolysis, 
absorption spectroscopy 

• Open circles: shock tube, 
absorption spectroscopy 
(Kappel et al, Phys Chem Chem 
Phys, 2002, 4, 4392) 

• Reference 5: Hippler et al. J 
Chem Phys 1990, 93, 1755 

• Significant disagreement > 
1000 K 

• Burke etal. ‘Difficult to 
discern which, if any, (of the 
high T) determinations is 
reliable.’ More measurements 
needed under combustion 
conditions. 



Theoretical Determination of the Rate Coefficient for the 
HO2+ HO2 → H2O2+O2 Reaction: Adiabatic Treatment of 

Anharmonic Torsional Effects (Zhou et al J Phys ChemA, 2012, 116, 2089) 

• High level calcs 
(CASPT2/CBS/aug-cc-PVTZ) 

• TS2 has two transition states 
corresponding to different 
torsional conformations. 

• New treatment needed to allow 
reaction at any torsional angle. 

• Also needed to include 
tunnelling in new approach 

• Good agreement with low T 
data, but calculated rate 
constants are lower than expt 
at higher T (recall discussion in 
Topic 2) 

• Will return to this reaction 
again in Topic 5, Evaluation 



Structures and energies 
of torsional conformers that 
form TS2 and TS2’ 



Master equation model for pressure dependent 
reactions 



Pressure dependent association reactions (see Topic 1) 
 

 An association reaction involves collisional 
stabilisation of the adduct: 

A + B         AB*       AB.  

 

  

ka 

 
k-a 

ks[M] 

We applied the QSSA to AB *, obtaining the  
expression shown on the right.  
 
There are two problems with this model: 
1. It assumes that AB* dissociates to form A + B  with a constant rate constant, 
 regardless of the amount of energy in AB. Should really replace with a model  
in which k-a is energy dependent (k-a(E)) 
 
2. It assumes that all stabilising collisions lead to complete stabilisation of AB*.  
In reality, stabilisation is likely to take place in a series of steps. 
 
These deficiencies are recognised in Troe’s modification of the equation, by 
introducing a broadening factor. A more fundamental and flexible approach is 
to use a master equation, in which the energies of AB are recognised explicitly 



Modelling dissociation and association reactions – 
master equation analysis 

A+B 

AB 

Energy grains -  
Bundles of energy 
levels 
(remember CH4  
discussion) 

Dissociation and association 

Collisional energy transfer between grains 

– Set up rate equation for concentration 
in each grain.  

– Express as matrix equation: 
dc/dt = Mc 

– Time dependent grain concentrations 
depend on initial concentrations and on 
eigenvalues and eigenvectors of M 

– Eigenvalue of smallest magnitude is the 
negative of the dissociation rate 
coefficient. 



Master equation for dissociation 

Solution: 

Downward energy transfer – exponential down model 

Upward energy transfer by detailed balance 

r is the concentration density at energy E, k(E) is the dissociation rate constant 

Set up matrix equation.  
Solution is in terms of  
eigenvalues and eigenvectors 
(recall topic 1) 

The dissociation rate constant is the modulus of the  
smallest magnitude eigenvalue. 



Requirements for ME calculation 

• Microcanonical rate constants (k(E)). Use electronic 
structure + TST 

 

• Collision frequency, .  = kc[M], where kc is the rate 
constant for collisions and [M] is the concentration of 
the collider (the “third body”) – see next slide. 

 

• Energy transfer model: P(E|E’). Generally use 
exponential down model calculating upward transitions 
using detailed balance (see previous slide) 

 



• d is the collision diameter and e is the depth of the 
van der Waals well between the collider and the 
dissociating molecule. W is termed a collision integral.  

kT 

kT/e 

Rate constants for collisions 



Ab intio calculations of energy transfer parameters 

• See Jasper and Miller, J. Phys. Chem. A 2011, 115, 6438–6455 

• Use dynamical calculations with high level ab intio potential 
energy surfaces for the interaction of the excited molecule and 
the collision partner, M. Also develop more efficient 
approximate methods. 

• Assume that the exponential down model applies, that the 
energy transfer function depends on the amount of energy 
transferred but is independent of the initial and final energies 
individually. 

• Determine the size of a (=<DE>down) and its T dependence. 

 

• Lennard Jones parameters are widely used to calculate the 
collision frequency, . These parameters have been calculated 
and tabulated for a wide range of species by Jasper and Miller, 
Combustion and Flame 161 (2014) 101–110. 



H.O. Pritchard 
The quantum theory of unimolecular 

reactions (CUP 1982) 
• Log(-li) for dissociation vs 

pressure at fixed T 
• Numerically smallest eigenvalue 

gives the rate coefficient – fig 
shows limits k at high p and k0[M] 
at low p. 

• Relaxation eigenvalues (IEREs)are 
well separated from the single 
chemically significant 
eigenvalue(CSE) and the system is 
well behaved – a rate coefficient 
can be assigned. 

• Collisional relaxation occurs on a 
shorter timescale than reaction. 
During these timescales a steady 
state distribution of the reactant 
is established and this determines 
the rate constant. The steady 
state distribution depends on 
pressure and approaches the 
Boltzmann distribution at high p – 
that distribution is established at 
the high pressure limit.  



Association reaction 

Boltzmann 
distribution 

Microcanonical 
rate constant 
ror dissociation 
of A 

ka, ku,   [C] >> [B] 

Transfer matrix from  
dissociation problem 

Conservative problem : l1 is zero. For a pure association reaction – no dissociation  
from the stabilised A, there is only one eigenvalue and l1 = ka 

ki is only non-zero above the  
dissociation threshold 
 
As zero pressure is  
approached and there is no  
stabilisation the distribution  
of A above the threshold is 
Boltzmann – the  
microcanonical association and 
 dissociation steps are  
balanced 



More complex reactions.  
 

•  Similar approach to dissociation 
problem 

•  Numerically smallest eigenvalues 
related to phenomenological rate 
constants (chemically significant 
eigenvalues) 

A + B 

C 
D 

E+F 

A+B           C           D 
Competition  

between relaxation  

and reaction 

E+F 

The number of CSEs is equal 
 to the number of wells +  
sources. In the present case  
it is 3. If the final step to 
E+F is reversible, then there 
are 4 CSEs, but the system 
is conservative and the smallest  
eigenvalue is zero. 



Chemically significant eigenvalues 

• The eigenvalues of M exhibit a separation in magnitude: all are 
negative and the majority are large in magnitude and govern the 
time evolution of the energy transfer process (IERE), while a 
smaller group of eigenvalues (CSE) govern the chemical evolution of 
the system. 

• At low temperatures the number of CSE corresponds to the number 
of distinct chemical species being modelled and is usually the sum of 
the number of wells and source terms in the model. 

• The separation in time scales allows a matrix rate equation to be set 
up relating purely to the CSEs that is identical to the rate equation 
for the chemical system. The rate constants can be determined 
from an eigenpair analysis of the whole master equation.  

• This is only possible provided the IEREs and CSEs are well 
separated in time 

• References: J. Chem. Phys., 1974, 60, 3474; J. Phys. Chem. A, 2002, 106, 9267; J. 
Phys. Chem. A, 2006, 110, 10528; Phys. Chem. Chem. Phys., 2007, 9, 4085–4097. 

 



Structure of M for an isomerisation reaction – a 
subset of the above problem 

M is structured in blocks. The diagonal blocks relate to energy transfer within  
each isomer and reaction from that isomer. The off-diagonal blocks relate to 
 reaction into that isomer from the other isomer. 



Chemically significant 
eigenvalues for 
isomerisation 

 
Two species, two CSEs 

 System is conservative, 
so l1 = 0 

 
 Reaction system 

relaxes  to equilibrium 
state . Relaxation rate 
constant =|l2| = kf + kr 

 Relaxation time = t 

 t = (kf + kr)-1 
  

The eigenvalues of 

 this matrix are the  

same as those for  

the CSEs from a full  

energy resolved ME 



Detailed balance,  

• In an isomerisation, the microcanonical forward and reverse rate 
constants obey detailed balance kf(E)NA(E) = kr(E)NB(E). Similar 
arguments also apply to association and reverse dissociation 
steps.  

• Does detailed balance apply at the canonical level? 
• At the high pressure limit, Boltzmann distributions apply in A 

and B, so that kf(T)/kb(T) = Keq.  
• At lower pressures, the distributions in A and B are non-

Boltzmann. Does detailed balance apply? 
• It has not been possible to prove that detailed balance applies 

strictly, but there is strong evidence that it applies 
approximately, but to a good degree of precision (see Miller et 
al Phys. Chem. Chem. Phys., 2009, 11, 1128-1137 and references 
therein.) 

• So thermodynamics can be confidently applied to calculate the 
reverse rate constant from the forward rate constant, whatever 
the pressure, provided the IEREs and CSEs are well separated. 
If not, neither rate constant is defined. 
 



 J. Phys. Chem. A 2012, 116, 9545−9560 

Abstract 

 .......Master Equation Solver for Multi-Energy 
Well Reactions (MESMER), a user-friendly, 
object-oriented, open-source code designed to 
facilitate kinetic simulations over multi-well 
molecular  energy topologies where energy 
transfer with an external bath impacts 
phenomenological kinetics. MESMER offers 
users a range of user options specified via 
keywords ……. 

 

 

 



Master Equation Solver for Multi-Energy 
well Reactions (MESMER) 

• Open source, object oriented code (C++) 

• http://sourceforge.net/projects/mesmer/ 

• facilitates kinetic simulations of multi-well systems where 
energy transfer with a bath gas impacts phenomenological 
kinetics 

• Provides interface with results of electronic structure 
calculations to allow set up of multi-well system 

• Output choices include chemically significant (and other) 
eigenvalues, species concentrations vs time, 
phenomenological rate constants. 

• Allows fitting to experimental data using c2 minimisation 

• Version 5.1 just released (30th April 2018).  

• Includes MPI parallelization 

• Allows fitting to experimental decay traces 

http://sourceforge.net/projects/mesmer/


Other master equation approaches 

1. Multiwell. Uses a stochastic approach rather than the 
matrix methodology used in MESMER. Developed by 
John Barker. See: 

 http://clasp-research.engin.umich.edu/multiwell/. and 
Int J Chem Kinet. 33, 232-45 (2001), 41, 748-763 
(2009) 

 

2. MESS. A matrix method, developed at Argonne 
National Labs by Georgevskii et al. See: 
http://tcg.cse.anl.gov/papr/codes/mess.html 

 J. Phys. Chem. A 2013, 117, 12146−12154 

 

http://clasp-research.engin.umich.edu/multiwell/
http://clasp-research.engin.umich.edu/multiwell/
http://clasp-research.engin.umich.edu/multiwell/
http://clasp-research.engin.umich.edu/multiwell/
http://tcg.cse.anl.gov/papr/codes/mess.html


Master equation 
Some examples 



Effect of sulfur oxides on fuel oxidation 
 Peter Glarborg Hidden interactions—Trace species governing combustion and 

emissions. 31st Symposium 

• SO2 + H (+M)      HOSO  (+M) (R1) 

• HOSO  +  H        SO  +  H2O   (R2) 

• SO  +  O2            SO2  +  O      (R3) 

 

• How do we provide rate data for 
reactions of this sort? 

 

• Are there hidden complexities in a 
simple association reaction like (R1)? 



H + SO2 

experiment + theory 

• Potential energy surface for H + 
SO2, from electronic structure 
calcs 

• Approach: Experimental 
investigation using vuv LIF for H 

• Master equation analysis, 
constrained to experimental data 
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Experimental decay trace for H + SO2 
Gives eigenvalue and hence k at selected 
 p and T. 

k vs p at T = 295, 

363 and 423 K 

 

 

Eigenvalues 
from ME 
analysis. 
Red – TS1 
Blue TS2 
Green TS3 

TS3 

Smallest IERE 



Determination of individual 
phenomenological rate constants 
from eigenvalues / eigenvectors 

dc/dt  =   

Total number of eigenvalues is equal to the 

total number of grains. 

The 3 eigenvalues of smallest magnitude 

relate to the phenomenological rate 

coefficients of the macroscopic chemical 

system (chemically significant eigenvalues) 

H + SO2    HSO2 (1) 

H + SO2    HOSO (2) 

H + SO2   OH + SO (3) 

H SO2       HOSO (4) 

HSO2        OH + SO (5) 

HOSO       OH + SO (6)  
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Note well-skipping 



Experimental characterisation of the TS2 and TS3 
regions of the surface 

• TS2 is significant in the 400 – 
800 K region. 

• Too slow to study 
experimentally using LFP. 

• ?Characterise using flow 
reactor methods? 

• TS3 is even more difficult to 
investigate. Use the reverse 
reaction, OH + SO, via 
detailed balance 
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Use to determine rate constants, 
 k(E) for the reverse reactions 
H + SO2  SO + OH 
HOSO     SO + OH 



Issues – Overlap of chemically 
significant eigenvalues with 
energy relaxation eigenvalues: 
can lead to problems in 
defining rate constants (see 
subsequent slides) 
 
 

– Use of OH + SO to calculate 
forward ks using detailed 
balance. Does detailed 
balance always apply – are the 
forward and reverse rate 
constants always related 
through the equilibrium 
constant? (See earlier 
discussion - Miller and 
Klippenstein, Miller et al.)  

– Important issue in 
combustion – e.g. CHEMKIN 
generally introduces forward 
and reverse reactions, linked 
via thermodynamics. 
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1,2-Pentyl isomerisation and dissociation 

Well-skipping reactions 

Two well, two CSEs 



1,2 pentyl isomerisation and dissociation 
Rate coefficients extracted from eigenpairs with Bartis 
Widom analysis (Robertson et al, Phys Chem Chem Phys, 2007, 9, 4085 ) 

400 K 

600 K 



Behaviour at high temperatures: overlap of CS and 
internal energy relaxation eigenvalues 

 

Smallest IERE 



Binomial expansion of quadratic solution for l1  

• Full triangles: ratio of l1 from the full quadratic solution to l1 

from the ME.  

• Open squares: ratio of l1 from the full quadratic solution to l1 
from above approximation 



Binomial expansion of quadratic solution for l2 

• full diamonds: ratio of l 2 

from full quadratic solution 
to l 2 from the ME.  

• Open triangles: ratio of l 2 
from Eq. full quadratic 
solution to l 2 from  equation 
above (full expression. ) 

• Open squares: ratio of  -l 2 

from full quadratic 
expression   to (k7 + k-7). 

Low T 



 Comparison of the time dependence of the mole fraction of the 1- 
and 2-pentyl isomers using the summed grain populations from the 
ME and using the 

 phenomenological rate coefficients from the ME in a biexponential 
representation: (a) 600 K; (b) 1000 K. 

 At 1000 K, the biexponential representation is inadequate. This is 
because of overlap of IEREs and CSEs. Normal phenomenological 
rate constants cannot be defined, because of this overlap.  

a b 



Conclusions 
• All wells can contribute to all sink channels irrespective of whether 

they are directly connected to the transition state that leads to a given 
set of products. 

• ‘Well-skipping’ is significant and is characterized by non-standard fall-
off curves which exhibit a decline in rate coefficient with increasing 
pressure, indicative of the competition between collisional relaxation 
and reaction. 

• Product yields are very sensitive to the difference in dissociation 
energies for 1- and 2-pentyl. The calculations give a difference of only 
4 kJ mol-1, and ancillary experiments are essential to define the system 
more accurately. Because of the complexity of the system, the 
experiments must be interpreted with a master equation analysis.  

• At high temperatures, there is overlap between the CSEs and the 
IEREs, so that time independent phenomenological rate constants 
cannot be determined.  

• Miller and Klippenstein (Phys.Chem. Chem. Phys., 2013, 15, 4744) have 
developed a species reduction approach that overcomes the overlap 
problem in some cases. It cannot be applied to the pentyl problem 



A further example of CSE / IERE overlap 
Wang et al Physical Chemistry Chemical Physics, 2017, 19, 11064 - 11074 

 
 

• The full curve in the PES diagram shows the dissociation of the 
corannulene oxyradical, f, via the intermediate isomer f5. 

• The right hand figure shows the time dependence of f, f5 and the 
product f4 calculated using MESMER. The isomerisation occurs on very 
short timescales 



The left hand figure shows the Boltzmann distributions for f and f5 at 2500 K.  
The threshold for the isomerisation is 47 kcal mol-1. The rate constants are  
consequently very high and exceed the collision frequency – reaction occurs  
before collision. Each energy grain reacts independently of the others and there is 
 a wide range of reactive eigenvalues, most of which are larger than the IEREs. 
 



Behaviour of dissociation step 

• Dissociation occurs on a longer timescale, but there is still considerable 
overlap of IEREs and the single remaining CSE at higher T.  

• The above figures show the loss of f+f5  (black) and compares it with the 
smallest eigenvalue (in red) and two ways of fitting the decay to an 
exponential (in green and blue). At 1500 K, all curves are identical. The CSE 
provides a good description of the decay. 

• At higher Ts, this is no longer the case. A steady state distribution in f+f5 
is not fully established before dissociation occurs, so that the reaction 
shows a non-exponential time profile. A phenomenological rate constant that 
fully describes the reaction cannot be determined. The green and blue 
curves allow approximate rate constants to be determined, but their 
shortcomings must be recognised. 

• We’ll return to this problem on Friday in the discussion on soot 
 



A further example of IERE / CSE overlap 

• Klippenstein, Proc Comb Inst 
2017, 36, 77 

• Xylyl decomposition – 20 wells 

• Black lines - lowest 20 
eigenvalues, which correspond 
to the CSEs at low 
temperature.  

• At higher temperatures these 
eigenvalues merge with the 
sea of IEREs, the lowest 10 
of which are depicted with 
blue dotted lines.  

• Red line - constant pressure 
collision rate, effective upper 
bound for the IEREs. 



Potential energy surface 3. reaction: A + BC 

products 

reactants 

transition state 

RAB 

RBC 
 



Approaches to accurate electronic structure calculations 1. 

 
• A basis set is composed of atomic 

orbitals , yielding linear combination 
of atomic orbitals approach (LCAO). 
The CBS limit is an extrapolated 
estimate of a result obtained using 
an infinitely large (complete) basis 
set 

• Electron correlation is the 
interaction between electrons. The 
correlation energy is a measure of 
how much the movement of one 
electron is influenced by the 
presence of all other electrons. 

• The Hartree Fock method has 
minimal electron correlation. Full 
configuration interaction (or full CI) 
is a linear variational approach which 
provides numerically exact solutions 
(within the infinitely flexible 
complete basis set) to the electronic 
Schroedinger equation. 

Zador et al Prog Energy Comb Sci 2011, 37, 371  



Effects of incorporating higher level methods into TST 

• Barker et al.: Chem Phys Letters, 2010, 
499, 9-15. OH + H2. High level ab intio 
calculation (CFOUR) + anharmonicity 
and coupling between different modes 
+ multidimensional tunnelling. 
 
 

 
• Klippenstein: OH + OH  O + H2O 

– Green: calculation from moderate level 
ab initio. (Barrier = 2.8 kcal mol-1) 

– Barrier constrained to experimental 
data (1.2 kcal mol-1) 

– Black: High level ab initio (0.7 kcal mol-
1) 

– Red: High level constrained to 
experimental data (1.0 kcal mol-1) 
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• High pressure limit rate 
coefficients for CH3+CH3  
C2H6. 

• Calculated values: the color 
key is as follows: gray, 
CASPT2; green, CASSCF; 
purple, B3LYP; blue, MPW1K; 
orange, MP2.  

• The black symbols represent 
experimental results – see 
the refinement of these 
values in the section on the 
master equation 



Theoretical Determination of the Rate Coefficient for the 
HO2+ HO2 → H2O2+O2 Reaction: Adiabatic Treatment of 

Anharmonic Torsional Effects (Zhou et al J Phys ChemA, 2012, 116, 2089) 

• High level calcs 
(CASPT2/CBS/aug-cc-PVTZ) 

• TS2 has two transition states 
corresponding to different 
torsional conformations. 

• New treatment needed to allow 
reaction at any torsional angle. 

• Also needed to include 
tunnelling in new approach 

• Good agreement with low T 
data, but calculated rate 
constants are lower than expt 
at higher T (recall discussion in 
Topic 2) 

• Will return to this reaction 
again in Topic 5, Evaluation 



Modelling dissociation and association reactions – 
master equation analysis 

A+B 

AB 

Energy grains -  
Bundles of energy 
levels 
(remember CH4  
discussion) 

Dissociation and association 

Collisional energy transfer between grains 

– Set up rate equation for concentration 
in each grain.  

– Express as matrix equation: 
dc/dt = Mc 

– Time dependent grain concentrations 
depend on initial concentrations and on 
eigenvalues and eigenvectors of M 

– Eigenvalue of smallest magnitude is the 
negative of the dissociation rate 
coefficient. 



More complex reactions.  
 

•  Similar approach to dissociation 
problem 

•  Numerically smallest eigenvalues 
related to phenomenological rate 
constants (chemically significant 
eigenvalues) 

A + B 

C 
D 

E+F 

A+B           C           D 
Competition  

between relaxation  

and reaction 

E+F 

The number of CSEs is equal 
 to the number of wells +  
sources. In the present case  
it is 3. If the final step to 
E+F is reversible, then there 
are 4 CSEs, but the system 
is conservative and the smallest  
eigenvalue is zero. 



A further example of IERE / CSE overlap 

• Klippenstein, Proc Comb Inst 
2017, 36, 77 

• Xylyl decomposition – 20 wells 

• Black lines - lowest 20 
eigenvalues, which correspond 
to the CSEs at low 
temperature.  

• At higher temperatures these 
eigenvalues merge with the 
sea of IEREs, the lowest 10 
of which are depicted with 
blue dotted lines.  

• Red line - constant pressure 
collision rate, effective upper 
bound for the IEREs. 



Use of MESMER to fit experimental data 

• MESMER has a fitting facility that uses the 
Marquardt algorithm to fit to extensive sets of 
experimental data by minimising c2. 

• The method is often linked to electronic structure 
calculations of the PES, with sensitive parameters 
(e.g. a transition state energy) allowed to float in the 
fitting process. Other parameters that are often 
fitted include those for energy transfer. MESMER 
can cope with different experiments using different 
bath gases. 

• It is difficult to calculate association rate constants 
accurately (see earlier), but MESMER allows them to 
be fitted to experimental data using inverse Laplace 
transformation (ILT). 



Inverse Laplace transform and association rate 
coefficients 

 

 

• Inverting this relationship allows k(E) to be 
determined from the high pressure limiting rate 
constant. Most effectively performed using the 
association rate constant. 

• Davies et al. Chem Phys Letters, 1986, 126, 373–
379. 

        



Microcanonical dissociation rate constants from 
inverse Laplace transform of canonical association 

rate constant 
b = 1/kT Q(b) is the rovibronic partition function, K(b) is the 
equilibrium constant and N(E) is the rovibronic density of 
states of the association complex. Np is the convoluted 

densities of states of the reactant species 
A + B  C 



An example: CH3 + CH3 

 Slagle et al. (J. Phys. Chem. 1988, 92, 2455−2462)  

All experiments used pulsed laser photolysis in Ar. Low pressure data  
(open squares)  by photoionization mass spectrometry, high pressure data  
(filled circles) by absorption spectroscopy/ Curves show non-master equation fit 



An example: CH3 + CH3 

• The absorption cross 
sections used in the 
determination of k(CH3+CH3) 
by Slagle et al. were recently 
redetermined, necessitating 
a reanalysis of the pressure 
and temperature dependent 
experimental data.* This was 
achieved using MESMER, 
using a global fit to all the 
absorption data 

• The variable parameters in 
the fit were the high 
pressure limit (k∞ = ATn) and 
the energy transfer 
parameters for as bath gas. 

• The plot shows the 
experimental vs the best fit 
calculated data. The total 
number of datapoints (k at a 
specific T and P) is 102. 

*This reaction is second order in radical,  
so the concentration of the radical is needed. 
 In effect, the experiment determines k/s,  
where s is the absorption cross-section. 

Only the data from absorption 

 experiments were used  

in this fit 



Extended fit to all available data 

• The data cover the 
temperature range 296 – 
1924 K. 

• Techniques used include 
pulsed photolysis with 
absorption spectroscopy 
and mass spectrometric 
detection and shock tubes 
with absorption 
spectroscopy. He and Ar 
were used as bath gases 

• k∞ is most sensitive to the 
lower T data, especially 
that using absorption 
spectroscopy, and the 
energy transfer 
parameters to the higher 
T data.  

 

Note that the reaction is second  
order in radical; a modified “local  
linearization” of the second order 
 decay was used to allow the use of  
standard matrix diagonalization  
methods 
 



Comparison with theory 

• The theory curve is the CASPT2 + dynamical correction (see 
earlier). The Sangwan data are recent high pressure pulsed 
photolysis data. The two Blitz fits refer to different models for 
the absorption cross section. Note that theory and experiment are 
totally independent. 

Blitz et al 

J Phys Chem, 2015, 119, 7668 

Sangwan et al. 

J Phys Chem, 2015, 119, 7847 

Theory discussed in Klippenstein 

Proc Comb Inst 2017, 36, 77 

 



Fitting directly to experimental decay curves 
OH + C5H8 (isoprene) 

 
• 194 traces in global 

analysis 
• System is complex 

– two adducts are 
formed 

• Abstraction is also 
significant at high 
T 

• Ab initio 
calculations used 
to determine PES, 
refined in global 
fits. 

OH + C5H8           HO-C5H8 

OH + C5H8   →       C5H7 + H2O 



Conclusions 

• We’ve examined theoretical approaches to 
determining rate constants for reactions, from quite 
simple single step reactions to multiwell multiproduct 
processes. 

• High level theory can increasingly play an important 
predictive role. 

• Theory also allows us to understand and interpret 
experimental studies. This interaction is key to 
understanding the validity of the more accessible 
theoretical methods. 

• Theory provides a more flexible approach than 
experiment to determining rate data over a wide 
range of conditions – it is essential we understand 
both its strengths and its weaknesses. 


