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Moment Methods for Reactive Scalars 

Balance Equation for Reactive Scalars 

 

Å¢ƘŜ ǘŜǊƳ αǊŜŀŎǘƛǾŜ ǎŎŀƭŀǊά 

-Mass fraction Yh  of all components h Ґ мΣ Χ N  

-Temperature T 
 
 
 

Å Balance equation for 
 
 
 
 

-Di: mass diffusivity, thermal diffusivity 

-Si: mass/temperature source term 
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Balance Equation for Reactive Scalars 

Å Neglecting the molecular transport (assumption: Reҧύ 

ÅGradient transport assumption for the turbulent transport 

 

 

 

ҦAveraged transport equation 
 
 
 
 
 

ҦSimplest possible approach: 
       Express unclosed terms as a function of mean values 
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not closed 



Moment Methods for Reactive Scalars: Error Estimation 

Å Assumption: heat release expressed by 
 
 
 

-B: includes frequency factor und heat of reaction 

-Tb: adiabatic flame temperature 

-E: activation energy 

Å Approach for modeling the chemical source term 

 

 

Å Proven method Ą Decomposition into mean and fluctuation 
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Moment Methods for Reactive Scalars: Error Estimation 

Å Taylor expansion at              (for                                        ) of terms 

 
 
 

-Pre-exponential term 
 
 

-Exponential term 
 
 
 
 

Å Leads to  
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Moment Methods for Reactive Scalars: Error Estimation 

Å As a function of Favre-mean at  
 
 
yields 
 
 

 

Å Typical values in the reaction zone of a flame 
 
 
 

Å Error around a factor of 10! 

Å Moment method for reactive scalars inappropriate due to strong non-linear 
effect of the chemical source term 
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Example: Non-Premixed Combustion in Isotropic Turbulence 

Å Favre averaged transport equation 

 

 
 

Å Gradient transport model 
 
 

Å One step global reaction 
 
 
 

Å Decaying isotropic turbulence 

8 



Example: Non-Premixed Combustion in Isotropic Turbulence 
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Product Mass Fraction 

DNS data 

Flamelet Closure Assumption 

Evaluation of chemical source 
term with mean quantities 

Ą Closure by mean values does not work! 
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Simple Models for Turbulent Combustion 

Å Example: standard models in 
Fluent 

Å Very simple models, 
e.g. based on 

-very fast chemistry 

-no consideration of turbulence 
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Quelle: Fluent 12 ǳǎŜǊΨǎ guide 

3. 
4. 
2. 
5. 



1. Eddy-Break-Up-Model 

First approach for closing the chemical source term was made by Spalding (1971) 
in premixed combustion 

 
 
 
 
 

Å Assumption: very fast chemistry (after pre-heating) 

Å Combustion process 

-Breakup of eddies from the unburnt mixture Ą smaller eddies 

ҦLarge surface area (with hot burnt gas) 

ҦDuration of this breakup determines the pace 

ҦEddy-Break-Up-Model (EBU) 
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flow 

hot burnt gas unburnt 
mixture 



1. Eddy-Break-Up-Modell 

Å Averaged turbulent reaction rate for the products 
 
 
 
 

-        : variance of mass fraction of the product 

-CEBU: Eddy-Break-Up constant 

Å EBU-modell 

- turbulent mixing sufficiently describes the combustion process 

-chemical reaction rate is negligible 

Å Problems with EGR, lean/rich combustion 

ҦFurther development by Magnussen & Hjertager (1977): Eddy-Dissipation-
aƻŘŜƭ ό95aύΧ 
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2. Eddy-Dissipation-Model 
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Å EDM: typical model for eddy breakup 

-Assumption: very fast chemistry 

-Turbulent mixing time is the dominant time scale 
 
 
 

Å Chemical source term 
 
 
 
 

-YE, YP: mass fraction of reactant/product 

-A, B: Model parameter (determined by experiment) 



2. Eddy-Dissipation-Model 

Example: diffusion flame, one step reaction 
 
 
 
 

Å YF > YF,st , therefore YO < YF Ą YE  = YO 
 
 
 

Å YF < YF,st Ą YE  = YF 
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Summary EDM 

Å Controlled by mixing 

Å Very fast chemistry 

Å Application: turbulent premixed and nonpremixed combustion 

Å Connects turbulent mixing with chemical reaction 

- rich or lean? 

Ҧfull or partial conversion 

Å Advantage: simple and robust model 

Å Disadvantage 

-No effects of chemical non-equilibrium (formation of NO, local extinction) 

-Areas of finite-rate chemistry: 

ÅFuel consumption is overestimated 

ÅLocally too high temperatures 
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3. Finite-Rate-Chemistry-Model (FRCM) 

Å Chemical conversion with finite-rate 

Å Capable of reverse reactions 

Å Chemical source term for species i in a reaction h  
 
 
 

- kf,ʰ , kb,h : reaction rates(determined by Arrhenius kinetic expressions Ą          ) 

-     models the influence of third bodies  

 
 
 

Å Linearization of the source term centered on the operating point 
 Ą LƴǘŜƎǊŀǘƛƻƴ ƛƴǘƻ Ŝǉǳŀǘƛƻƴǎ ŦƻǊ ǎǇŜŎƛŜǎΣ ƭŀǊƎŜǊ ɲt realizable 

Å Typical approach for detailed computation of homogeneous systems 
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Summary FRCM 

Å Chemistry-controlled 

Å Appropriate for tchemistry > tmixng (laminar/laminar-turbulent) 

Å Application 

- Laminar-turbulent 

-Non-premixed 

Å Source term: Arrhenius ansatz 

-Mean values for temperature in Arrhenius expression 

ҦEffects of turbulent fluctuations are ignored 

ҦTemperature locally too low 

Å Consideration of non-equilibrium effects 
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4. Combination EDM/FRCM 

Å Turbulent flow 

-Areas with high turbulence and intense mixing 

-Laminar structures 

Å Concept: Combination of EDM and FRCM 

-For each cell: computation of both reaction rates           and 

-The smaller one is picked (determines the reaction rate) 
 
 
 
 

ҦChooses locally between chemistry- and mixing-controlled 

Å Advantage: Meant for large range of applicability 

Å Disadvantage: no turbulence/chemistry interaction 
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5. Eddy-Dissipation-Concept (EDC) 

Å Extension of EDM Ą Considers detailed reaction kinetics 

Å!ǎǎǳƳǇǘƛƻƴΥ wŜŀŎǘƛƻƴǎ ƻƴ ǎƳŀƭƭ ǎŎŀƭŜǎ όαϝάΥ ŦƛƴŜ ǎŎŀƭŜύ 
 
 
 
 
 

Å Volume of small scales: 

Å Reaction rates are determined by Arrhenius expression (cf. FRCM) 

Å Time scale of the reactions 
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Fluent: C˅ = 2,1377 

Fluent: C̱ = 0,4082 



5. Eddy-Dissipation-Concept (EDC) 

Å Boundary/initial conditions for reactions (on small scales) 

-Assumption: pressure p = const. 

- Initial condition: temperature and species concentration in a cell 

-Reactions on time scale 

-Numerical integration (e.g. ISAT-Algorithm) Ą  

ÅModel for source term 
 
 
 

Å Problem: 

-Requires a lot of processing power 

-Stiff differential equation  
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Mass fraction on small scales of 
species i after reaction time ̱ *  



Summary: Simple Combustion Models 
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Quelle: Fluent 12 ǳǎŜǊΨǎ guide 

3. 
4. 
2. 
5. 

Solely calculation by Arrhenius equation 
Ą turbulence is not considered 

Calculation of Arrhenius reaction rate and 
mixing rate; selection of the smaller one 
Ą local choice: laminar/turbulent 

Solely calculation of mixing rate 
Ą Chemical kinetic is not considered 

Modeling of turbulence/chemistry 
interaction; detailed chemistry 
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Introduction to Statistical Methods 

Å Introduction to statistical methods  

-Sample space 

-Probability 

-Cumulative distribution function(CDF) 

-Probability density function(PDF) 

-Examples for CDFs/PDFs 

-Moments of a PDF 

-Joint statistics 

-Conditional statistics 
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tƻǇŜΣ α¢ǳǊōǳƭŜƴǘ Flowsά 



Å Probability of events in sample space 

 

Å Sample space: set of all possible events 

-Random variable U 

-Sample space variable V (independent variable) 

Å Event A 
 
 
 

Å Event B 

Sample Space  
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Probability 

Å Probability of the event 
 
 
 
 
 

Å Probability p 
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impossible event sure event 



Cumulative Distribution Function (CDF) 

Å Probability of any event can be determined from cumulative distribution 
function (CDF) 

 

Å Event A 
 
 
 
 

Å Event B 
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Cumulative Distribution Function (CDF) 

Å Three basic properties of a CDF 

1. Occuring of event                      is impossible Ą 

2. Occuring of event                      is sure Ą 

3. F is a non-decreasing function 
 
 
as 
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CDF of Gaussian distributed 
random variable 



Probability Density Function (PDF) 

Å Derivative of the CDF Ą probability density function 
 
 
 

Å Three basic properties of a PDF 

1. CDF non-decreasing 
Ą PDF 

2. Satisfies the normalization condition 
 
 
 

3. For infinite sample space variable 
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PDF of Gaussian distributed 
random variable 



Probability Density Function (PDF) 

Å Examining the particular interval Va Җ U < Vb 
 
 
 
 
 
 
 
 
 
 
 

Å Interval Vb - Va Ą 0: 
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Example for CDF/PDF 

Uniform distribution 
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Source: 
tƻǇŜΣ α¢ǳǊōǳƭŜƴǘ Flowsά 



Example for CDF/PDF 
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Source: 
tƻǇŜΣ α¢ǳǊōǳƭŜƴǘ Flowsά 

Exponential distribution 



Example for CDF/PDF 
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Source: 
tƻǇŜΣ α¢ǳǊōǳƭŜƴǘ Flowsά 

Normal distribution 



Example for CDF/PDF 
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Source: 
tƻǇŜΣ α¢ǳǊōǳƭŜƴǘ Flowsά 

or 

Delta-function distribution 


