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The thermodynamic state is determined by two thermodynamic 
variables 
 
The fluid is ideal so that its viscosity and heat conductivity may be 
taken equal to zero 
 
Chemical reactions are absent and there is no volumetric addition 
of mass or heat 
 
There are no volume forces (volume forces are negligible) 

Fundamentals of linear acoustics  

Assumptions of the following analysis 

@⇢

@t
+r · ⇢v = 0

⇢(
@v

@t
+ v ·rv) = �rp

Momentum 

⇢T (
@

@t
+ v ·rs) = 0

Mass 

Energy in entropy form 

Begin with the Euler set of equations 
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Because the fluid is bivariant the entropy      may be expressed in terms of two 
other thermodynamic variables. For example                         or equivalently one 
may write                         
 
 
For example, in the case of a perfect gas the state equation takes the forms 

This equation indicates that                              which is consistent with the 
fact that there is no entropy production associated with volumetric heat 
release, viscous dissipation and heat conduction  

ds/dt = 0

s

p = p(⇢, s)

s = s(p, ⇢)

s = cvln(p/p
�
) or p = ⇢�es/cv

� = cp/cv

©Sebastien Candel, June 2019 

where 

If the medium is homogeneous its entropy is constant everywhere at the initial 
instant and because its material derivative is identically zero, the entropy will 
remain constant and equal to its initial value at all times. Hence, the acoustic 
disturbances will propagate in the medium at a constant entropy 
 

s = s0

and the state equation will take the form p = p(⇢, s0)

Now,  consider a disturbance of the ambient state. The field variables may be 
cast in the form of a sum of the ambient value and a perturbation 

p = p0 + p1, v = v0 + v1, s = s0 + s1

©Sebastien Candel, June 2019 
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Herev0 = 0and p0, ⇢0, s0
p0 = p(⇢0, s0)

From the previous analysis of the balance equation for entropy one immediately  
deduces that the entropy perturbation vanishes identically 

s1 = 0
One may now substitute the perturbed expressions into the balance equations 
of mass and momentum and in the equation of state 

@

@t
(⇢0 + ⇢1) +r · (⇢0 + ⇢1)v1 = 0

(⇢0 + ⇢1)(
@

@t
+ v1 ·r)v1 = �r(p0 + p1)

p0 + p1 = p(⇢0 + ⇢1, s0)

are constants linked by the state equation 

©Sebastien Candel, June 2019 

For small perturbation in pressure, density and velocity, it is easy to distinguish 
terms of order zero, one and two.  The terms of order zero vanish identically. The 
first order approximation obtained by neglecting higher order terms leads to the 
following equations 

@

@t
⇢1 +r · ⇢0v1 = 0

⇢0
@v1
@t

+rp1 = 0

A Taylor-series expansion of the state equation yields 

p0 + p1 = p(⇢0, s0) +

✓
@p

@⇢

◆

0

⇢1 +
1

2

✓
@2p

@⇢2

◆

0

⇢21 + . . .
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 Retaining only first order terms in this expansion one obtains 

p1 = c2⇢1 where c2 = (@p/@⇢)0

 The linear acoustic equations take the form 

@⇢1
@t

+ ⇢0r · v1 = 0

⇢0
@v1

@t
+rp1 = 0

p1 = c2⇢1©Sebastien Candel, 
June 2015 

The derivative of pressure with respect to density at constant entropy has the 
dimensions of velocity square. From thermodynamics it can be shown that this 
quantity is positive. It will be shown later on that this derivative is actually the  
square of the speed of sound 

Determine the speed of sound in air at a temperature T=298.15 K 

For a perfect gas p = ⇢�es/cv

c2 = (�⇢��1
) exp s/cv c2 = �p0/⇢0

Now the state equation for a perfect gas writes 

p = ⇢rT r = R/W

R = 8314 J kmol

�1
K

�1 W = 29 kg kmol

�1

r = 8314/29 = 287 J kg�1 K�1

The speed of sound for a perfect gas is then given by 

c =
�
�rT0

�1/2

c = (1.4)(287)
�
298.15

�1/2
= 346.1m s�1

and one finds that 

Thus 
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There are other useful forms of the basic system of equations. It is first convenient 
to eliminate the density perturbation from the first equation by making use of the 
third relation. This yields 

1

c2
@p1
@t

+ ⇢0r · v1 = 0

⇢0
@v1

@t
+rp1 = 0

p1 = c2⇢1

The acoustic problem is now specified by the first two equations. The third 
relation  gives the density perturbation in terms of the pressure perturbation 

©Sebastien Candel, June 2019 

Another system may be obtained by eliminating the velocity perturbation from the 
first two equations. This is achieved by taking the time derivative of the linearized 
mass balance and subtracting the divergence of the linearized momentum balance 

r2p1 �
1

c2
@2p1
@t2

= 0

⇢0
@v1

@t
+rp1 = 0

p1 = c2⇢1

It is worth noting that the wave equation by itself does not allow the solution of  
most acoustic problems. It  is in general necessary to use the linearized 
momentum equationto define the boundary conditions at the limits of the domain 

©Sebastien Candel, June 2019 
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Plane waves in one dimension 

It is worth reviewing at this point  the fundamental solution of the wave equation in 
one dimension. In this particular case the velocity perturbation has a single 
component and the set of linearized equations reduces to 
 

@p

@t

+ ⇢0c
2 @v

@x

= 0

⇢0
@v

@t

+
@p

@x

= 0

p = c2⇢

Index 1 designating  perturbed quantities has been eliminated  from the previous 
equations. This simplified notation is not ambiguous and may be adopted from 
here-on 

©Sebastien Candel, June 2019 

The wave equation becomes in this case 
 

@

2
p

@x

2
� 1

c

2

@

2
p

@t

2
= 0

(
@

@x

� 1

c

@

@t

)(
@

@x

+
1

c

@

@t

)p = 0

The factored form of the wave equation suggests the following change of 
variable 

⇠ = t� x/c, ⌘ = t+ x/c

Introducing these relations in the wave equation yields 

� 4

c2
@2p

@⇠@⌘
= 0

©Sebastien Candel, June 2019 
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The general solution of this partial differential equation takes the form of a sum 
p = f(⇠) + g(⌘)

p = f(t� x/c) + g(t+ x/c)

It is a simple matter to show that the acoustic velocity corresponding to this 
pressure field takes the form 

v(x, t) =
1

⇢0c
[f(t� x/c)� g(t+ x/c)]

represents a wave traveling to the right at the speed of sound 
f(t� x/c)

g(t+ x/c) represents a wave traveling to the left at the speed of sound 

©Sebastien Candel, June 2019 

x	

x	

c(t2 � t1)

p(x, t2)

p(x, t1)

©Sebastien Candel, June 2019 

The perturbation has the form of a pulse 
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⇢0c is the specific acoustic impedance of the medium 

⇢0c = (1.18)(346.1) = 408 kg m�2 s�1 =408 Rayl

The unit of acoustic impedance is the Rayl in honor of J.W. Strutt, Lord Rayleigh, 
one of the founders of modern acoustics 

Harmonic waves 

Harmonic waves are such that their variation in time is of the form e�i!t

p(x, t) = p!(x)e
�i!t

⇢(x, t) = ⇢!(x)e
�i!t

v(x, t) = v!(x)e
�i!t

The complex number representation adopted for these waves follows the standard 
conventions. If one wishes to determine the actual pressure field at point and time it is 
sufficient to take the real part of the complex number which specifies the perturbation. 
For example : 

p(x, t) = Re{p!(x)e�i!t}

©Sebastien Candel, June 2015 
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One may now derive the field equations governing harmonic disturbances. This 
is easily achieved by substituting the representation in the linearized acoustic 
equations obtained previously 

One finds that the time derivative  
must be replaced by a factor  
 
The common factor              may be dropped from all equations. This process 
yields 

@/@t

e�i!t

�i!

�i!p! + ⇢0c
2r · v! = 0

�⇢0i!v! +rp! = 0

p! = c2⇢!

©Sebastien Candel, June 2019 

The wave equation is replaced by 

r2p! + (!2/c2)p! = 0

which is often written in the form 

r2p! + k2p! = 0 k = !/cwhere 

This Helmholtz equation specifies the spatial dependence of the complex field 
amplitude 

©Sebastien Candel, June 2019 
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Harmonic waves in one dimension 

The set of equations for one dimensional wave propagation is  

The pressure field is then a combination of two waves 

and the velocity field is given by  

©Sebastien Candel, June 2015 

Problem 1 : Radiation in an infinite channel 

The first wave in the previous expressions propagates towards positive x while the 
second wave travels in the negative x direction 

A piston is placed at one end of an infinite duct and imposes an acoustic velocity 
of the form  

Find the acoustic field generated by the piston in this device 

To deal with this problem it is convenient to work with complex representations 

©Sebastien Candel, June 2019 

Infinite channel Piston 
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Since the duct is infinite there is only traveling wave propagating away from the  
piston in the positive x direction 

To satisfy the condition at the piston 

©Sebastien Candel, June 2019 

As a consequence 

and the pressure field is given by  

or  

©Sebastien Candel, June 2015 
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Problem 2 :  Plane modes in a duct 

It is now interesting to examine plane modes in a duct. We consider a closed duct  
with an open end at x= l 
 The pressure field satisfies the Helmholtz equation 

subject to the following boundary conditions 

©Sebastien Candel, June 2019 

The pressure field is of the form  

The first condition is satisfied if  

To fulfil the second condition 

or equivalently  

This takes the form of a dispersion relation  
that provides the eigennumbers of this system 

©Sebastien Candel, June 2015 

D(!) = 0
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thus yielding the following eigenfrequencies 

and the corresponding eigenmodes 

The wavelength is given in this case by 

©Sebastien Candel, June 2019 

Problem 3 : Propagation in ducts with variable cross section 

©Sebastien Candel, June 2015 
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At the area change the pressure and volume flow rates are continuous : 
 

This yields 

©Sebastien Candel, June 2019 

Defining  

the previous expressions become 

and one obtains 

©Sebastien Candel, June 2015 
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Harmonic spherical waves 

We look for solutions of the Helmholtz equation in three dimensions which only 
depend on the radius 

r 

The pressure field satisfies 

or equivalently 

©Sebastien Candel, June 2015 

There are two solutions to this wave equation  

travels outwards 

travels inwards 

The acoustic velocity has only a radial component which is given by  

©Sebastien Candel, June 2019 
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For the wave traveling outwards, the velocity is given by 

or equivalently 

In the farfield  

©Sebastien Candel, June 2015 

Problem 4 : Acoustic radiation by a pulsating sphere 

A sphere of radius a pulsates harmonically. The acceleration of the surface of the 
sphere is specified 

Determine the pressure radiated by this sphere 

The pressure field is an outgoing spherical wave 

On the sphere, the radial acceleration is specified and the linearized momentum 
equation must be satisfied 

©Sebastien Candel, June 2019 
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Now 

so that 

By imposing this condition at r=a one finds : 
 

©Sebastien Candel, June 2019 

It is convenient to introduce the volume acceleration 

©Sebastien Candel, June 2019 
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If the radius of the sphere is small compared to the wavelength 

this expression reduces to  

This is the sound field radiated by a point source featuring a specified 
volume acceleration 

A point  source with a specified  
volume acceleration 

©Sebastien Candel, June 2019 

Acoustic energy density, flux and acoustic power 

A conservation equation for the acoustic energy may be obtained from the 
linearized equations describing the acoustic field. One may start from 

1

c2
@p1
@t

+ ⇢0r · v = 0

⇢0
@v1

@t
+rp1 = 0

p1
⇢0

+v1·

p1
⇢0

(
1

c2
@p1
@t

+ ⇢0r · v1) + v1 · (⇢0
@v

@t
+rp1) = 0

©Sebastien Candel, June 2019 
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This equation becomes 
 

@

@t
(
1

2
⇢0v

2
1 +

1

2

p21
⇢0c2

) +r · p1v1 = 0

E =
1

2
⇢0v

2
1 +

1

2

p21
⇢0c2

F = p1v1

With these definitions the balance equation may be cast in the form 

@E
@t

+r ·F = 0

This expression closely resembles to the balance equations of fluid dynamics. It 
is also in the same form as Pointing's theorem of electromagnetic theory. 

Acoustic energy density Acoustic energy flux 

©Sebastien Candel, June 2015 

@u

@t
+r · S + J ·E = 0

S = E ⇥H

u =
1

2
✏0E ·E +

1

2µ0
B ·B

Electromagnetic energy density 

Electromagnetic energy flux vector (the Poynting vector) 

Poynting’s theorem 

E, B, H, J are the electric and magnetic fields, the magnetic induction  
and current density  
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Sound pressure level(dB) 

pref = 2 10
−5 Pa
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Intensity level (dB) 

Iref = 10
−12 Wm−2

SPL = 20 log10
prms

pref

IL = 10 log10
I

Iref
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The sound intensity in the far field is given by 

In air 

and the sound intensity corresponding to the reference pressure used to define 
the sound pressure level is given by 

Thus the sound pressure level and the intensity level are nearly equal 

©Sebastien Candel, June 2015 


