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Luigi Crocco (1909-1986) 
one of the founders of 
combustion instability 
theory, was a professor at 
Princeton for many years. 
He spent the later part of 
his life in Paris and was a !
Professor at Ecole !
Centrale Paris for a few 
years!

Time lag analysis 

H.S. Tsien (Tsien Hsue-Shen or 
Qian Xuesen ) (1911-2009) one of 
rocket propulsion pionneers, went to 
study at Caltech under the 
supervision of Theodore von 
Karman, he was one of the 
founders of the Jet Propulsion 
Laboratory, and later "Father of 
China’s Space Program" 

Frank Marble 
(1918-2014) jet propulsion 
pionneer and eminent 
adviser  
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Rocket	motor	

Fuel	
Oxidizer	

Consider a mass of propellant burning between times t and t+dt  

ṁb(t)dt

This mass must be equal to the mass injected from              to t� ⌧ t� ⌧ + d(t� ⌧)

ṁb(t)dt
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ṁb(t)dt = ṁi(t� ⌧)d(t� ⌧)

ṁb(t) = ṁi(t� ⌧)(1� d⌧

dt
)

This yields a relation between the mass rate of burning and the mass rate of 
propellants injected in the chamber 

If the time lag is constant the last term vanishes and the mass rate of burning 
reflects the mass rate of injected propellants with a delay 

ṁb(t) = ṁi(t� ⌧)

In general the delay is not constant but is sensitive to the values of the main 
parameters governing the conversion rate of propellants in the chamber 
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Thus 

An equation for the sensitive time lag 

An equation for the time lag may be derived by considering the process which is 
involved in the conversion of propellants into  combustion products.  Consider a 
function                  which globally  describes this process. f(p, Tg)

This function will depend on pressure and gas temperature and may also depend on 
other parameters. To fix the ideas this function may be considered to represent the 
rate of heat transfer to the propellant. Vaporization of the liquid propellant will be 
achieved when a certain amount of heat designated by C will have been transferred 
to the liquid. This may be described by stating that the sum of this function over the 
time lag will have to be equal to C 

Z t

t�⌧
f(p, Tg)dt

0
= C = const.

The dependence of the time lag with respect to the state parameters is made more 
explicit by differentiating the previous equation with respect to time 
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f [p(t), Tg(t)]� f [p(t� ⌧), Tg(t� ⌧)](1� d⌧

dt
) = 0

Assuming that pressure and temperature remain close to theirmean values, the 
function f may be expanded in a Taylor series 

f [p(t), Tg(t)] = f(p, T g) +
@f

@p
(p� p) +

@f

@Tg
(Tg � T g)

f [p(t� ⌧), Tg(t� ⌧) = f(p, T g) +
@f

@p
(p(t� ⌧)� p) +

@f

@Tg
(Tg(t� ⌧)� T g)

d⌧

dt
=

@ ln f

@ ln p

p(t� ⌧)� p(t)

p
+

@ ln f

@ ln Tg

Tg(t� ⌧)� Tg(t)

T g

Inserting these expressions in the previous relation one finds that 

The dependence of the time lag on the gas pressure and temperature in the 
chamber now appears explicitly. 
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]

n =
@ ln f

@ ln p
, q =

@ ln f

@ ln Tg

It is convenient to define two interaction indices 

d⌧

dt
= n

p(t� ⌧)� p(t)

p
+ q

Tg(t� ⌧)� Tg(t)

T g

One obtains the following expression for the rate of change of the time lag 

It is often considered that the burnt gas temperature remains essentially constant 
so that the second term vanishes. The rate of change of the time lag then 
becomes 

d⌧

dt
= n

p(t� ⌧)� p(t)

p
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ṁb(t) = ṁi(t� ⌧)(1� d⌧

dt
)

d⌧

dt
= n

p(t� ⌧)� p(t)

p

It is now possible to combine the two main expressions obtained previously 

One considers fluctuations around the mean value and one finds after a few 
calculations  

ṁ0
b(t)

ṁ
=

ṁ0
i(t� ⌧)

ṁ
� d⌧

dt

If the injected mass flow rate is constant, the fluctuation in burnt gas flow rate is 
given by 

ṁ0
b(t)

ṁ
= n

p(t)� p(t� ⌧)

p
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One may interpret this result in terms of relative heat release fluctuations by noting 
that 

ṁ0
b(t)

ṁ
=

q̇0(t)

q̇
One obtains 

q̇0(t)

q̇
= n

p(t)� p(t� ⌧)

p

An expression which is often used in analytical studies of instabilities coupled by 
longitudinal modes involves a delayed velocity perturbation impinging on the flame 

q̇0(t)

q̇
= n

u0(t� ⌧)

u

Heat release rate fluctuations 

©Sebastien Candel, June 2015 



25/05/2019	

6	

This corresponds to a transfer function 

F(!) =
q̇0/q̇

u0/u
= nei!⌧

The gain is constant and the phase depends linearly on frequency. This is a 
simplified description of what is found  experimentally and theoretically but may 
be used to simplify the analysis  

1
2 

Low frequency instability of rocket motors 

As a first application of the time lag concept let us consider the low 
frequency instabilities (chugging instabilities) of rocket motors 

(1) The gas temperature in the chamber is constant and uniform even in the 
presence of pressure oscillations. 

(2) The gas pressure is uniform in the combustion chamber and  that it oscillates 
 with a small amplitude around its mean value  

(3) The time lag between injection and combustion exhibits the dependence 
 described previously 

 
A balance of mass written for the thrust chamber indicates that 

dMg

dt
= ṁb � ṁe

Now, in the steady state the gas mass in the chamber is constant and the mass rates 
of burning and ejection are equal 
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ṁb = ṁe = ṁ

Introducing the fractional burning and discharge rates 

µb = (ṁb � ṁ)/ṁ

µe = (ṁe � ṁ)/ṁ

✓g
d

dt
(
Mg

Mg
) = µb � µe

The mass  balance equation becomes 

represents the average residence time that the burned gas spends in the 
chamber 

It is convenient to introduce a dimensionless time  z = t/✓g
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✓g

d

dz
(
Mg

Mg
) = µb � µe

and define a dimensionless time lag as well ⌧̃ = ⌧/✓g
To simplify the notation the tilde will be deleted in what follows 

The relative rate of burning obtained previously is first substituted in the mass 
balance  

d

dz
(
Mg

Mg
) = n['(z)� '(z � ⌧)] + µi(z � ⌧)� µe(z)

Now consider the mass of gas stored in the chamber 

Mg =

Z

V
⇢gdV =

Z

V

p

RTg
dV
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Because the pressure and temperature are both uniform in the chamber 

Mg =
p

RT g

Z

V
dV =

pV

RT g

Mg/Mg = p/p = 1 + '

d'

dz
= n['(z)� '(z � ⌧)] + µi(z � ⌧)� µe(z)

Consider the fractional variation of the mass flow ejected through the nozzle 

µe(z) = (ṁe � ṁ)/ṁ

In the low frequency range, the nozzle behaves as a compact element and it may 
be described in terms of a succession of equilibrium flows 

ṁe = Kp/(Tg)
1/2

ṁe

ṁe
=

p

p
and µe(z) = '(z)

Since the temperature is constant in the chamber one finds that 

The mass balance equation finally becomes 

d'

dz
= n['(z)� '(z � ⌧)]� '(z) + µi(z � ⌧)

This equation governs the low frequency instabilities of a monopropellant engine 
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Intrinsic rocket instabilities 

If the injection rate is constant in time, and in particular if it is not influenced by the 
processes taking place in the chamber the dynamic behavior of the system is 
governed by 

d'

dz
+ (1� n)'(z) + n'(z � ⌧) = 0

z = t/✓g, ✓g = Mg/ṁ n =

✓
@ ln f

@ ln p

◆

p,T g

To examine the stability of this system one may take the Laplace transform of this 
equation or equivalently set the relative pressure fluctuation in the form 

'(z) = Aesz

This yields the characteristic equation 
©Sebastien Candel, June 2019 

s+ (1� n) + ne�s⌧ = 0

One may solve the characteristic equation and discuss the sign of the real part of the 
roots obtained to determine the regions of stability. For this one may write 

s = ⇤+ i⌦

⇤+ (1� n) + ne�⇤⌧
cos⌦⌧ = 0

This yields the following set of equations 

⌦� ne�⇤⌧ sin⌦⌧ = 0

Neutral stability is achieved when Λ=0 

1� n+ n cos⌦⇤⌧⇤ = 0

⌦⇤ � n sin⌦⇤⌧⇤ = 0

©Sebastien Candel, June 2019 
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designates the time delay for neutral oscillation 

The angular frequency of neutral oscillations is easily determined from these 
expressions 

⌧⇤

(1� n)2 + ⌦2
⇤ = n2 and hence ⌦⇤ = (2n� 1)2

Because this angular frequency must be real it turns out that no neutral oscillations 
may exist if 0<n<1/2. When n>1/2, the stability boundary may be obtained from the 
previous equation 

⌦⇤⌧⇤ = cos

�1
[(n� 1)/n)]

n = 1/(1� cos⌦⇤⌧⇤)
©Sebastien Candel, June 2019 

⌦2
⇤ = 2n� 1

Unstable 

0 ⇡ 2⇡ ⌦⌧

1/2

n

Stability diagram 


