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It is now useful to examine the modal response of cavities. We will 
successively consider rectangular and cylindrical enclosures. For simplicity 
one assumes rigid wall or pressure release boundary conditions. More 
general situations may also be handled with modal concepts but they are not 
considered in this study. 

A rectangular chamber with rigid walls 

We first consider a rectangular chamber bounded by rigid walls   
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Harmonic disturbances in the cavity may be written in the 
form 

p(x , t) =  (x )e! i ! t

! (x ) satisfies the Helmholtz equation and rigid wall boundary conditions 

! 2! + k2! = 0

The eigenfunctions which satisfy this boundary value  problem and the 
corresponding eigenvalues form an infinite set of solutions. 

! ! / ! n = 0 on S

For a  rectangular cavity one may search the eigenfunctions by making use of 
a factored form 

! n (x ) = X (x)Y (y)Z (z)
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When this expression is substituted in the Helmholtz equation one obtains 

X 00

X
+

Y 00

Y
+

Z 00

Z
+ k2 = 0

The method of separation of variables indicates at once that each of the three 
terms which appear on the left side of this equation must be constant. It is 
convenient to write these constants as 

! k2
x , ! k2

y , ! k2
z

respectively so that 

X !! + k2
x X = 0 , Y !! + k2

y Y = 0 , Z !! + k2
z Z = 0

The constants appearing in these equations are related by 

k2 = k2x + k2y + k2z
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Consider now the boundary conditions for the function X (x)
These conditions are obtained by specifying that 

! ! / ! n = 0 on x = 0 and on x = lx

!
dX/dx

"
x =0 = 0 ,

!
dX/dx

"
x = l x

= 0

The solution of  X !! + k2
x X = 0

which satisfies the boundary condition at x=0 has the form  
 X (x) = a coskx x
The other boundary condition is satisfied if 

sinkx lx = 0

kx = nx ! /l xThis requires that 

)*+,*'-+./0'
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Similar considerations finally yield 

! n x n y n z (x ) = A cos
nx ! x

lx
cos

ny ! y
ly

cos
nz ! z

lz

and the corresponding eigenvalues takes the form 

k2
n x n y n z

= ! 2
!"

nx

lx

# 2

+
"

ny

ly

# 2

+
"

nz

lz

# 2$

Each mode is specified by a set of three integer indices.  
The corresponding eigenfrequencies are of the form 

! 2
n x n y n z

= c2" 2
!"

nx

lx

# 2

+
"

ny

ly

# 2

+
"

nz

lz

# 2$
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and the resonance frequencies of the cavity are given by 

f n x n y n z =
c
2

!"
nx

lx

# 2

+
"

ny

ly

# 2

+
"

nz

lz

# 2$1/ 2

lx = ly = 0.10 m, lz = 0.20 m

A rectangular chamber is filled with hot gases at a temperature T=2000 K  

The mixture is characterized by a specific heat ratio 
 ! = 1 .4 and a gas constant r = R/W = 287 J/kgK

Calculate the eigenfrequencies corresponding to the first few modes  
(1,0,0), (0,1,0), (0,0,1), (1,1,0), (1,0,1), (0,1,1) and (1,1,1). 

Application 
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The speed of sound in the cavity is: 

c =
!
(1.4)(287)(2000)

"1/ 2
= 896.4 m/s

The eigenfrequencies are given by 

f n x n y n z =
c
2

!"
nx

lx

# 2

+
"

ny

ly

# 2

+
"

nz

lz

# 2$1/ 2

f 1,0,0 = f 0,1,0 = c/ 2lx = 4480 Hz
f 0,0,1 = c/ 2lz = 2241 Hz

f 1,1,0 = ( c/ 2lx )(2)1/ 2 = 6338 Hz
f 1,0,1 = f 0,1,1 = ( c/ 2lz )(5)1/ 2 = 5011 Hz

f 1,1,1 = ( c/ 2lz)(9)1/2 = 6723 Hz
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A cylindrical cavity with rigid walls 

The chamber has a radius a  and a length L 

! (r, ! , z) = R(r )" (! )Z (z)

Substituting this expression 

R!!

R
+

1
r

R!

R
+

1
r 2

⇥!!

⇥
+

Z !!

Z
+ k2 = 0

Applying the method of separation of variables one finds that 

Z !! + k2
z Z = 0 , ! !! + n2! = 0

R!! +
1
r
R! + ( k2 ! k2

z !
n2

r2 )R = 0
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k2
! = k2 ! k2

z

With this definition the radial equation becomes 

R!! +
1
r

R! + ( k2
" !

n2

r 2 )R = 0

The solution of this set of problems now proceeds as follows. First consider the 
longitudinal equation and the relevant boundary conditions 

Z !! + k2
z Z = 0

!
dZ/dz

"
z=0

= 0 ,
!
dZ/dz

"
z=L = 0

The  function Z which satisfies this problem is of  form 

Z (z) = cos kzz, kz = q⇡/L
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Next let us examine the azimuthal equation  

! !! + n2! = 0

The  solution of this equation must be periodic with respect to the azimuthal angle 

! (! ) = ! (! + 2 " )

! (! ) = Cein ! + De! in !

The general solution of this problem takes the form 

Finally consider the radial problem 
 

R!! +
1
r

R! + ( k2
" !

n2

r 2 )R = 0 ,
!
dR/dr

"
r = a = 0
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The general solution of the radial differential equation may be written in terms of 
Bessel functions 

R(r ) = AJ n (k! r ) + BYn (k! r )

Since the Bessel function Yn is singular as r=0 one deduces that the 
coefficient B vanishes 

J !
n (k" a) = 0

The boundary condition on the rigid cylinder yields 

J !
n (! mn ) = 0

Consider the roots of the following equation 

The radial wave numbers corresponding to these roots are of the form 

k! mn = ! mn /a
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It is sometimes more convenient to express the radial wavenumbers in terms of 
the roots of the following characteristic equation 

J !
n (!" mn ) = 0

The wavenumbers then take the form 

k! mn = !" mn /a

The  modes of the closed cylindrical cavity take the following general form 

! mnq (r, ! , z) = Jn (k! mn r ) cos
q" z
L

(aein ! + bein ! )

! ! mnq

c

"2
= k2

! mn + k2
z

and the corresponding eigenfrequencies are given by 
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or more explicitely 

! mnq = c
!" "# mn

a

#2
+

" q"
L

#2$1/ 2

The frequencies associated with the cavity modes may be cast in the simple form 
 

f mnq =
c
2

!" ! mn

a

#2
+

" q
L

#2$1/ 2
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A liquid rocket engine has a length L=1 m and a radius a=0.3 m. The gas 
temperature inside the chamber is T=3000 K  and the gases have the following 
properties 
Determine the first few eigenfrequencies by considering that the rocket chamber 
behaves like a rigid enclosure. 
 

! = 1 .3, r = 460 J/kg K

The sound velocity in the chamber is 

c = [(1 .3)(460)(3000)]1/ 2 = 1339.4 m/s

f mnq =
c
2

!" ! mn

a

#2
+

" q
L

#2$1/ 2

Consider first the purely longitudinal modes characterized by m=0 and n=0. 
Calculate the various frequencies as a home work problem 

The eigenfrequencies are given by 
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Modal analysis in annular configurations  

Harmonic modes are governed by a Helmholtz equation 

Purely azimuthal modes 
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A standing mode in an annular chamber 

The nodal line is horizontal 
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Purely longitudinal modes 

Mixed mode 

Open 

Rigid 
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