I"HHSY6& ()&

Lecture 1
Conservation Equations
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Conservation equations for a pure substance

We focus on a material volumeV, (t)
(made of the same set of material

points). q >
—  ldV =
dt d 0 —
V(t) —
—

Mass Conservation

The time rate of a change of a quantity! (x,t) over a given volumeV, moving
with velocity V, is

| I ]
d - T ! ]
V(t) V(t) S(t)
This is the multidimensional analogue of LeibnitzOs theorem from calculus; it

a kinematic relation, not a law of Buid mechanics.
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When V, =, i.e., the CV moves with the RBuid velocity, the result is the
ReynoldsO transport theorem

. T .
D vav = ave  ivads
Dt t

V(t) V(t) S(t)

D - . " .
2 av = CAV(lv) av
Dt vy vy L tv)

I
b !dV:/ {D7'+!!év}dv
Dt V(t) V(t) Dt

and the common notation for the Otime rate of changeO B/ Dt, the convective
or material derivative. For example:

time rate of change of the Dp  0p F VAl

density of a Ruid particle Dt~ ot vaip

acceleration of a Ruic Dv  Ov

particle DL v Vv
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Conservation of mass

.
— gV =0 1 /{8p+!épv}dV=O
Dt v v O
®
+14"v =0
It
"
—+VAI"+"IAV =0 D! ...
D!/Dt
. 1D!
‘av=" o0

rate of compressiol
or rate of dilation

Dp _ I |"a v=0
Dt~ °
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Conservation of momentum

NewtonOs second law can be applied directly to a material C.V. The time ra
of change of momentum inV is the sum of the forces acting onv.

D - . .
— lv dV = If dv + t dS
V(t) " V(t)#$ % " S(Q#LOA
body force surface force
per unit volume per unit area
t(x,t)=nal

I is the stress tensor;! = {!;}
! is a symmetric tensor, i.elj =1j .

D ' ' .
— lvdv = 'f dV + na"'ds
tov V(1) St
L ("y ] ] .
(I i1a (w)" "tria # dv =0
Ivw is the momentum Rux tensor
*céntdins’hine componentslv v,
F("v , ,
(|t ) v 14 ("w)="f+ 14 #
AT AP
Dt
Constitutive relation =1 pl+! stress tenso
Newtonian Fluid N
sSure )
pressur VIScous stress tensc
L=t v)+ (!t v)T+( zHa V)l
bulk shear
viscosity  viscosity
The Prst term is a measure of the deformation of the Ruid
element and the second term is the rate of change of its volun
Dv
l—=1" p+"a!l +If
Dt P
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Conservation of enerqy

Applied to a material control volume,

Total energy (internal + kinetic) e = e+t %vé/

D rate of work done rate of internal

Dt le, dV = 5nv by external forces energy Bux acrossS
V(t)

heat Rux vectol
positive for outward transport

D ' ) ' ) ' )
— le, dV = Ifav dv + t av dS! g an ds
Dt () V(1) s S(t)
ng!' &) ds ,
S(t) la q av
1 V()
la (! &) dv
V(t)
1 ("e ; ) ) ) o
(ItT)+!a("eTv)" "fav"l4d (#é&v)+'!'aq dv=0
V(t) :
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1 ("e , ; , 3 ;
(ItT) +14 ("e;v)="fav+ 14 (#av)"la ¢
De
I T — | A + | A n A " I r4
T !f av #a ( avq; ‘a#%
rate of work done on rate of heat
/ the R3uid by body transferred to
- and viscous forces tggitir%/lél(#)r
| M outevard transfer
' Dt
D(5v?
! (Stv ) - ta e varan)
De
I~ =[la ("a) " vala ")]"a
Sl Ca)vata n)ta g
I:lv="pladv+!
'De_l Ilév+' Illé
" Dt 'p Pl q
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Thermodynamics

State of the gas is uniquely determined by two variable:
p=p(,,T), e=¢ep,T), etc

Other thermodynamic variables are the enthalpy (per unit mass)h = e+ p/!
and the entropy (per unit mass) s debned from the relations

Tds= dh! !' ldp
Tds=de+pd( 1)
Ideal gas:

I'RT R = 8.3145 J/ kmol-K  universal gas constant

R = RIW specibc gas constal

Also for an ideal gas: e= ¢(T) only.
h=e(T)+ RT ! h= h(T) only.
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Introducing the specibc heats at constant pressure/volum
¢p, ¢y (in units kJ /kg - K) and the ratio v = ¢,/c,

dh T

— = I h=ho+ dT
ar = @ P
de CT

— = ! e=¢’ dT
ar — @ Lo

reference temperature

dh de d (p _
ﬁ_ﬁJrﬁ(!) b G =G RW
Y= cpfev >1
_R _ 7 R
PTLr1T 1w
R _ 1 'R
CV_II]__II]_W
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Other forms of the energy equatiot

128 prav+rl 174 g
Dt
Dh De 1Dp p D!
h= e+ p/ — =+ == _ = -
e+ pf ~ Dt Dt 1Dt 12Dt
Dh Dp )
1202 2Py e
Dt _ Dt aq
Ds Dh, 1Dp
= IR " =2 - =" ==
Tds=dh! !' idp R
Ds 1

= —(1 1"4
Pp; = p t"a a)
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Ds 1
N (A
P = o ta a)

For a reversible process, ® = 0 and As! heat acquired/T

In a reversible transition from one equilibrium state to a neighboring one, the
increase in entropy is proportional to the heat given to the Ruid.

For an irreversible process, ! > 0 and " S is larger than when ! =0

Isentropic Row ds = 0, i.e., adiabatic and reversible
dh = dp/! dp dr

|
dh = c,dT p "

pp~ ' =const.

Speed of sounda, debned as the ratio of pressure to density change unc
isentropic conditions, is

i Y0
'p

$ —
a= oo = #plh = #RT

S
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Conservation equations seven variables: v, p, |, h, T

It

+14"v=0

DV
" Dt
IDh—%-i-l

— = 1" 4
" Dt Dt la q

'RT
W )

=" p+"al +1f

dh = ¢,dT

Constitutive Relations

L= [ v)+ (! v)T]+( " gp)(!é V)l for a Newtonian Ruid

1w vy 22
= = - —1 | —
LT i (" zav)
q=!1"T Fourier law (neglecting radiation, etc...)
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Conservation equations for multicomponent,
chemically reacting, gas mixtures

The mixture

Gas mixture consists ofN species{=1,2,...,N)
M ; - Chemical symbol of species (e.g. H, 02, CHy, 4a)

The quantitative description of the chemical transformation between specie
requires a precise debnition otoncentration.

The quantitative description of the chemical transformation between specie
requires a precise debnition ofoncentration, C;, debned as the number of mole
of species per unit volume,
n; .

C = VI i=1,2,...,N
n; - number of moles of species in the mixture.
From the depnition of the Avogadro number, there are 60236410° molecule:
in a 1 mole.
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The massm; of all molecules of species is related to the number of moles b
m; = Win; i=1,2,...,N

where W; is the molecular weight of species.

The density ! is dePned as the mass of specieper unit volume

!i = mi/V i:1,2,...,N

1. = = L= — =1 i i
iy mi v density of the mixture
i=1 i=1

Ci== nj=—-==0C concentration of the mixture
i=1 v i=1 v
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The mole fraction X = G_m
C n
!N
o! X;! 1 Xi=1
i=1
. m; mi/V I
The mass fraction Yi= —= = —
m m/ V !
IN
orvy'!i1 Yi=1
i=1
IN IN IN IN
m = mj = niW; = na XiWi W = Xi Wi
i=1 i=1 =l ue o i=1
w mixture molecular weight
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X;W;

)2 =
Y — m; _ nZWZ/V _X1WL I w
‘m nw/ Vv W v A
i = W,

this shows that there is another way to calculateW

Ny Ny oo N w2 1
W, W W Tw
i=1 i=1 i=1

i=1

N N 1
_ _ Yi
mixture molecular weight W = inwi [Z I]
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Mass balance of the chemical species

v; the velocity of speciesi
1, = 1Y, the density of species
. net rate of production of species (per unit volume, per unit time)

(Y, ; .
('t )+!a"Yiv,»:#i fori=1,N

IN
v = Yivi mass average (mean) velocity of the mixture
i=1 o
Vi =v;! v dilusion velocity ! YV;=0
=1
! . .
W("Yi)+!a["Yz'(V*'Vi)]:#i i=1,2...,N

Summing over all species | m +"a"v=0

because mass in neither created nor destroyed by chemical react

i=1
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OV ATV V=

!"Lti+!vé!Yi+Yi

ATy H A (Y V) = #

DY , " .
!D7':|+!a(!Y|VI): i |:1,2,...,N

o
—+14"v=0
It

Note that there among the species equations there are onl¥ ! 1 independen
equations because

IN
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Conservation of momentum

the separate momentum balances for the separate species can be added to ob
the overall momentum equation for the mixture

|Dv

.ﬁ:!" p+"é! +! Yifi

2
o=t v+t v+ zH(ta V)l
the sum of the separate viscous stresst
K and! are the mass averaged viscosity coelcients for the mixture

gravity is the only external force on the mixture acting equally on all the specie

!N
p= pi
i=1

the overall pressure is the sum of the partial pressure
DaltonOs law

1 Stresses due to dilusion are nonlinear and therefore negligib
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Conservation of energy
The energy balances for the separate species can be added to obtain the ove
energy equation for the total energye, = e+ %vz of the mixture
I (N
Dﬁ% =14 ("a)"1a q++ ! Yifidv+ V)
i=1

and when subtracting the time rate of change of the kinetic energ

De N
!ﬁ=!p"év+! "a q+! Yifi &V
i=1
or, in terms of the enthalpy
Dh  Dp . IN
l— = —+!1 I"a + ! Yifiadv/
Dt Dt q - [ |

I is the viscous dissipation function for the mixture.

The work due to gravity : iN:l Yi(g&/;) = !9 a iN:l Y;Vi = 0 and does not
contribute to the energy equation. The only contribution is due to body forces
that are not acting on all species equally, for example electrical forces acting «

ions or electrons that are produced 51tSJy /the chemical reactions.
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Thermodynamics
The state of a mixture consisting of N 3uids in equilibrium is specibed uniquel
by2+(N! 1) = N + 1 parameters
l.
Assuming that each of theN species is an ideal gi p; = "Vs
i
IN
A ¢ IRT
=1 =
p=IRT _ i W
i=1
IN IN
e= Yie h= Yih; hize,+'p' i=1,2,...,N
i=1 i=1 i
ST
e =€+ c,, dT
T e” and h? are values of the internal energy
T and enthalpy at the reference temperatureT©
ho=h+ G dT Py P
TD
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The temperature dependence of the specibc heats may be calculated from NA
polynomials, expressed in terms of the molar heat capacity

Cpi = Wiy,
Cp/R = a;+ aT + T2+ ay T3+ asT*

wherea; are numerical coe!cients supplied in the NASA Ples, andT is expresse
in degrees Kelvin.

The specibc heatc, of the mixture is dePned asc, = : N Yic,

IN IN IN T
h= Yihi = Yih?"' Yi Cp; dT
i=1 i=1 i=1 Te
IN T
h= Yih + CodT
i=1 Te

note that the integration is performed with
the Y; bxed; i.e., at constant composition
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For each species the reference enthalpyh? is chosen as theheat of formation
at some standard temperatureT®°.

The heat of formation is the heat evolved or absorbed when one mole of
substance is formed from its elements in their standard states; the standai
state is the form that is stable at room temperature and atmospheric pressur¢

For example, at 298 K and latm the heat of formation of water vapo
Ho+ 20,! H,0 " 13435kJ gmol

h¥,o = ! 13.435kJ/g mol

the amount of heat taken out in forming water (vapor)
negative because it is an exothermic reactic

By debnition the heat of formation of the elements in their standard state it
zero; e.g.,hy, = hg, = hp, = 0. Oxygen atoms, however, have a nonzer
positive heat of formation because to form these atoms from @requires heat

10,1 O +15.57kJ/ gmol
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Knowing the heat of formation, we can debPne the heat of reaction (at constai
pressure) for a more general reaction at a reference temperaturd.,® say.

CH4+20, - CO,+2H50

Heat of reaction for one mol of CH, at 298 K
! B= fco, +2B4,0! Bch, ! 2Mo, (A perunitmol)
= -393.52 - 2(241.826) - (-74.87) - 2(C

= 1802302 KJ/mol

The heat of reaction at a dilerent temperature can be calculated frorr
T
/(T)= B+ Cp, dT

To
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In the following, we will and restrict attention to mixtures of ideal gases, and
we will not be concerned with body forces other than gravity. Then

—+1a"v=0
It
Dv
| — = +"axX+!
Dt P 5
DY , " .
!D—t'+!a(!YiVi): i 1=1,2,...,N
!%:!p"év+! I"a q
Dt
Dh Dp .
l— = — +1 1"§3
Dt Dt q
!N Y| !N ° T
=IRT & h=  YihP+ ar
P iz Wi i=1 TOCP

We already have expressions for the viscous stress tensbr and the dissipa
tion function !. We need constitutive relations for the heat Bux vector q, the
di"usion velocities V; and the rates of consumption/production ! ;.
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Conservation conditions at an interface

As noted earlier, the time rate of a change of a quantity ! (X,t) over a given
volume V, moving with velocity V  is

d ! ! "l ! .

— ldv = —dVv + I'(Vyéan)ds

dt v v(e) t S(t)

When the CV moves with the RBuid velocity, i.e., V| = v, the result is Reynolds
transport theorem.

Applied to mass conservation: ! =
d’ o ’ .
— ldv = —dv+ I (V;én)dS
dt vt s
Using the continuity equation
e i

- .
'|—+!é"v dv =0 or 'Ide+ "(van)ds=0
v 1t v it S
q- .
— ldv = — I(v—=V)|):ndS
dt s
+-.$&+/0/1,2&

“pillbox” control volume
V, is the velocity of the interface (control surface

V|:V|é1

When the control volume shrinks to the surfaceS
“d - P . - L7
lim — ldv = I*vrvpat+ ! (v v))a ds
vio dt oy 5
! — 1 P
=0
no mass accumulation or
source/sink of mass at the interface

tfvtant vttt ant V)

[t(van! v)]=0
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Applied to the species equations:! = "Y;
) gy :
d LYidv = (,',Y')dv+ 1Yi(V, &n)dS
dt v v 't s

Then using
!
S (YD) +VarYilv + Vi) =#

,,!tv)dV+ .L!V(V' ‘n)ds

d f .
R | =
dt,/\,'VdV /v

Then using

!(!"tV)+! &"w)=" p+! a +"g

E lvdv+  [lv(v! V)& +pn! ! an]dS=
s

dt v

and, following the same procedure as befo

lgdVv

[pn+!v(va! V) ! an]=0
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It
d , "
— !YidV+ !Yi[(V+Vi)! V|]a1dS= idV Vi=Via
dt v s v
d " b 0 . o Lo 7o . o
lim — IY;dv + Y (VI V) ant Y (v V)Y @ dS=lim o tidv
vio dt oy S vio
! — 11 P ! — T —
=0 /
lim I[ "(n)dSdn
'nl 0
Y ((v+V:)an! = bnS
['Yi((v+Vi)an! V)] I I is the Dirac ! -function and
I is the surface reaction rate n is measured along the norm
. to the surface of discontinuity
(mass per unit area per secon(
+,-.$&+/0/1,2&
Applied to the momentum equation: ! = "v
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Applied to the energy equation: ! = "e. wheree, = e+ %vz

9 e av= Crgvs e, (v, 4n)ds
Then using
I("e , . . . .
%+ la("e;v)="a ((pl" " av)+laq+"gav
d le, dV + le,(vIV))a+vgpl! ! )on+gan dS= lgdVv
dt \% S \%

and, following the same procedure as befo

I e+ 3v2 (vén! Vi) + g@n+vEpl ! ! )& =0

or, usingh = e+ p/!

I h+ v (van! i)+ pVi + gan! (vd )& =0
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In Ruid mechanics, discontinuities are allowed within the continuum framework
provided the variables across the surface of discontinuity are such as to satis
the fundamental conservation laws, or the appropriatejump conditions.

[l(van! V|)]=0
[pn+!v(vaa! Vi)! I an]=0
['Yi((v+Vi)ant V)= "]

I h+ 3v@ (van! Vi) + pVi + gan! (vd )& =0

If viscosity is negligible and the momentum jump is decomposed into hormal an
tangential components, the Prst two yield the Rankine-Hugoniot relations

[!(van! Vi)]1=0
[p+!(van! Vi)(van)]=0
[n" (v" n]=0
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